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SOME LIMITATIONS OF VIRTUAL
BAYESIAN IMPLEMENTATION
BY ROBERTO SERRANO AND RAJIV VOHRA1
1. INTRODUCTION
ŽŽ . . AS IS WELL KNOWN, Maskin monotonicity Maskin 1977 is a necessary condition for a
social choice correspondence to be Nash implementable. In economic environments with
at least three agents and a private good, this condition is also sufﬁcient for Nash
Ž. Ž. implementation. Remarkably, Abreu and Sen 1991 and Matsushima 1988 showed that
this condition can be entirely dispensed with if the following modiﬁcations are intro-
duced: ﬁrst, random allocations are permitted; and second, the notion of implementation
is weakened to virtual Nash implementation, requiring the implementation of a social
choice function that is arbitrarily close to the given function.
While Nash implementation pertains to environments with complete information,
there is also an extensive literature on Bayesian Nash implementation in environments
Ž. with incomplete information; see, for example, Postlewaite and Schmeidler 1986 ,
Ž. Ž . Palfrey and Srivastava 1987, 1989 , Mookherjee and Reichelstein 1990 , and Jackson
Ž. Ž 1991 . It has been shown that, apart from incentive compatibility which is clearly a
. necessary condition for implementation in any solution concept , a Bayesian imple-
mentable social choice set must also satisfy Bayesian monotonicitya suitable analog of
Maskin monotonicity. In economic environments with at least three agents, these
Ž. conditions are also sufﬁcient; see, for example, Jackson 1991 . Bayesian monotonicity is
Ž an involved and sometimes quite strong condition as will be apparent from Example 1
. below . It is therefore natural to examine whether the virtual approach can help dispense
with it, or replace it with weaker conditions.
Besides incentive compatibility, two sufﬁcient conditions for virtual Bayesian imple-
Ž. mentation have been identiﬁed in the literature. Abreu and Matsushima 1992b , in
analyzing virtual implementation in iteratively undominated strategies, introduce a mea-
Ž. surability condition referred to as A-M measurability in the sequel , which they show is
necessary for implementation in their solution concept. Further, they show that under
weak domain restrictions this is sufﬁcient for virtual implementation in iteratively
undominated strategies and, a fortiori, in the weaker notion of implementation in
Bayesian Nash equilibrium. They also show that this condition is necessary for virtual
Bayesian Nash implementation if one insists on ‘regular game forms’, which rule out
unattractive features such as integer games, and is in this sense close to being necessary.
Ž. On the other hand, Duggan 1997 introduces a condition termed incentive consistency,
which he argues is weak under standard topological and informational assumptions. Our
aim is to clarify the strength of these sufﬁcient conditions. We do so with the help of two
examples.
1 Ž. Part of the material in this paper circulated as Serrano and Vohra 1999 . We thank John
Duggan, a co-editor, and an anonymous referee for their comments. Both authors acknowledge
Salomon research awards from Brown University. Serrano also acknowledges an Alfred P. Sloan
Foundation research fellowship.
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Example 1 concerns an economy in which a social choice function can be virtually
Ž. implemented if and only if it is constant with respect to the information state . Thus,
only constant social choice functions satisfy Bayesian monotonicity, A-M measurability,
Ž or incentive consistency. However, in this economy there are many interesting incentive
. compatible social choice functions that are not constant. Indeed, in this example, any
Ž. social choice function that satisﬁes interim individual rationality and interim incentive
efﬁciency is not constant. This shows that in environments with incomplete information it
is not generally possible to virtually implement every incentive compatible social choice
function. Virtual implementation imposes nontrivial restrictions on a social choice
function beyond incentive compatibility. A sufﬁcient condition for virtual implementation
Ž. e.g., incentive consistency, A-M measurability cannot, therefore, by innocuous, at least
in general enironments.2
In our second example, eery social choice function is virtually implementable:
Bayesian monotonicity is satisﬁed by almost every social choice function. However, only
constant functions satisfy A-M measurability or incentive consistency. Thus, neither
condition is necessary for virtual implementation. And virtual Bayesian implementation
Ž. may be more permissive admitting the use of nonregular game forms than virtual
implementation in iteratively undominated strategies.3
We conclude that in environments with incomplete information the virtual approach
has some limitations with respect to what it delivers in the complete information case.
Ž Moreover, the task of identifying weak sufﬁcient conditions in the sense of being close to
. necessary for virtual Bayesian implementation remains.
2. NOTATION AND DEFINITIONS
 4 We shall consider exchange economies with a ﬁnite set of agents N 1,...,n . Let Ti
Ž. denote the ﬁnite set of agent i’s types and let TŁ T. Each agent has a prior i Ni
probability distribution q deﬁned on T. We shall assume that all agents agree on zero i
probability states. Let T
 be the set of states with positive probability. The consumption
set for each agent in each state is l , and the aggregate endowment  is constant across 
states. The set of feasible allocations in each state is denoted
ln Ž. A x x  x  . Ý i  i ½5
i
Let A A denote the Borel -algebra on A and  denote the set of probability measures on
Ž. A, A A .
Ž. Ž . A social choice function SCF is a function f :T. Let fsdenote agent i’s i
Ž. possibly random commodity bundle in state s according to f. We shall say that two
Ž. Ž.  ŽŽ . SCFs f and h are equivalent if fshs for every sT see Jackson 1991 for a
. discussion on equivalent SCFs .
2 With domain restrictions, such as the possibility of transfers, it is possible that incentive
Ž. compatibility alone may sufﬁce; see, for example, Matsushima 1993 .
3 Ž. In contrast, recall that in the complete information framework, Abreu and Matsushima 1992a
Ž. provide a signiﬁcant improvement over the Abreu and Sen 1991 result by showing that nothing is
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Ž. 4 The Bernoulli utility of agent i for allocation x in state s is ux , s . Abusing notation i
Ž. Ž . slightly, uf , s will refer to agent i’s expected utility evaluation of lottery fsin state s. i
Ž. The interimconditional expected utility of agent i of type s corresponding to an SCF i
f is deﬁned as
Ž. Ž  .ŽŽ  .. Uf s  qs suf , s , s . Ý ii i ii i 1 i
 s T i i
ŽŽ . . A mechanism G M , g describes a message space M for agent i and an ii  Ni
outcome function g :Ł M . i Ni
Ž. A Bayesian equilibrium of G is a proﬁle of messages, m where m :T M such that ii i i
iN, s T , ii
ŽŽ Ž. . . ŽŽ Ž . . . Ugms s Ugm s , m s m M . ii i i ii i i i
A direct mechanism is one with M T for all iN. ii
Consider the following metric on SCFs:
Ž.    Ž.Ž.   4 df , h sup fB s hB s sT , BA A .
An SCF f is irtually Bayesian implementable if 0 there exists a mechanism whose
Ž. Ž . unique Bayesian equilibrium outcome coincides with an SCF h such that df , h .  
Ž. A deception is a proﬁle of functions,   , where  :T T. A deception is ii  Ni i i
Ž.  said to be compatible if  s T for all sT . For an SCF f and a deception , f
	
 Ž. Ž Ž. . denotes the SCF such that for each sT, f s f  s . For an SCF f, a deception
Ž .Ž  Ž. .   and a type s T , let fs fs ,  s for all s T. ii  Žs . ii i ii
Ž The next condition is necessary for exact Bayesian implementation see Jackson
Ž. . 1991 .
An SCF f satisﬁes Bayesian monotonicity if for any deception , whenever f is not
equivalent to f, there exist iN, s T and an SCF h such that ii
Ž. Ž. Ž .Ž .  Uh s Uf s while Uf s Uh s , s T . ii ii i i i  Žs . ii i ii
An SCF, f, is said to be incentie compatible if for all iN, s T and all deceptions ii
,
Ž. Ž . Uf s Uf s . ii i  Žs . i ii
Along with incentive compatibility, the next two conditions have been proved to be
Ž sufﬁcient for virtual Bayesian implementation in certain classes of environments see
Ž. Ž . . Abreu and Matsushima 1992b and Duggan 1997 .
An SCF f is said to be incentie consistent if there exists an incentive compatible SCF,
f
, such that for any deception , ff implies that  is not a Bayesian equilibrium
of the direct mechanism for f
.
For the next deﬁnition we shall need some additional notation. Let P be a partition of i
Ž. T , where 	 s denotes the element of P that contains s . Let PŁ P. An SCF f is ii i i i i i
said to be measurable with respect to P if for every iN,
Ž. Ž .Ž . Ž . 	 s 	 s implies that fsfs , s for all s T . ii ii ii i i
Given P , deﬁne the partition i
Ž.   Ž . 4 RP  
 s , P s T i ii i ii i
4Although we will consider only economies without externalities, it is notationally simpler to
deﬁne agent i’s utility in terms of an allocation rather than a commodity bundle.R. SERRANO AND R. VOHRA 788
Ž.  where 
 s , P is the set of all s T such that for all SCFs f and h that are ii ii i
 4 measurable with respect to T 	P , i i
Ž. Ž. Ž .Ž . Uf s Uh s if and only if Uf s Uh s . ii ii ii ii
0  4 Let P  T for all i and deﬁne recursively, for every iN and k0, ii
k Ž k1. P RP ii i
and let P
P L where L is such that P kP L for all kL and all iN. ii ii
An SCF is said to be A-M measurable if it is measurable with respect to P
.
3. RESULTS
 4 EXAMPLE 1: The set of agents is N 1,2,3,4 . There is a single commodity and all
  
 4 consumers have 1 unit of endowment in each state. The sets of types are T  t , t , t k kkk
  4 for k1,2, while T  t , t for j3,4. There are only three states that arise with jj j
   
 4Ž .  Ž  . 
 positive probability: T  t, t , t , where t t , t , t , t , t  t , t , t , t , and t  1234 1234
Ž 

  . t , t , t , t . Agents 1 and 2 are fully informed, so that for k1,2, the posterior 1234
probability distributions are:
Ž. Ž  .Ž 

 . qt t qt t qt t 1, k1,2. kk k k k k
Agents 3 and 4 are fully informed only when they are of type t , i.e., for j3,4, j
Ž. qt t 1, but jj
Ž  .Ž 
 . qt t 0.25, qt t 0.75, 33 3 3
Ž  .Ž 
 . qt t 0.75, qt t 0.25. 44 4 4
The utility functions are as follows:
Ž. ux , s  x sT, iN. ' ii
CLAIM 1.1: Consider the exchange economy in Example 1. Let f be an SCF such that for
 Ž. Ž. some sT , st, fsft. Then f is not irtually Bayesian implementable.
PROOF: Let f be such an SCF and let  be the deception such that for all iN and
Ž. t for all types s ,  s t . For an SCF h let h denote the constant SCF where ii i i
tŽ. Ž. Ž. t hs ht for every sT. Since  s t for all sT, hh . This means that
Ž. Ž t .Ž t .Ž . Uh s Uh s Uh t Uh t , ii i i i i i i
where the second last equality uses the fact that the Bernoulli utility function of each
agent is independent of the state and the last equality follows from the fact that t is a
Ž. Ž . common knowledge state. Notice also that Uh t Uh t . Thus we have shown i  Žs . ii i ii
that for all iN and s T , and any SCF h, ii
Ž. Ž. Ž . Uh s Uh t Uh t . ii i  Žs . ii i ii
Ž Since ff, this implies that f is not Bayesian monotonic. And it follows for
Ž. . example, from Theorem 1 in Jackson 1991 that f is not exactly implementable.
Now suppose, contrary to our claim, that f is virtually implementable, i.e., there exists
f
 arbitrarily close to f which is exactly implementable. Since Bayesian monotonicity is aVIRTUAL BAYESIAN IMPLEMENTATION 789
necessary condition for exact implementation, it follows from the previous paragraph that
f
 is constant. But a nonconstant function, such as f, cannot be approximated by a
constant one, which contradicts our supposition. Q.E.D.
CLAIM 1.2: Eery selection f from the interim indiidually rational interim efﬁcient
correspondence in Example 1 is nonconstant.
PROOF: Let f be a selection from such a correspondence. It is easy to see that
Ž. Ž . 
 ft 1,1,1,1 . However, efﬁcient risk sharing among agents 3 and 4 in states t and t
Ž .Ž . Ž 
.Ž . clearly implies nonzero trade, i.e., ft  1,1,1,1 and ft  1,1,1,1 . Thus, by Claim
1.1, f is not virtually Bayesian implementable. Q.E.D.
REMARK 1: The example requires only one informed agent. Having two of them,
though, guarantees incentive compatibility because it makes the environment one of
nonexclusive information. More general domains of economies in which the same
Ž. problem persists have been identiﬁed in Serrano and Vohra 1999 .
REMARK 2: By introducing the following simple modiﬁcation, the posterior beliefs in
Ž  .Ž 
 . Example 1 can be derived from a common prior: let qt t qt t 0.5 for j3,4, jj j j

  
 Ž. Ž. Ž. Ž. ux , t  x , ux , t 3 x , ux , t 3 x , and ux , t  x . The important ''' ' 33 3 3 4 4 44
feature of this example is the difference in interim preferences of the second types of
agents 3 and 4. For our purpose, it does not matter whether this difference arises from
different probability assessments or from different cardinal representations of the utility
functions.
Ž. REMARK 3: Proposition 4 in Duggan 1997 shows that incentive consistency is a weak
condition in the following sense. Under standard topological conditions and under the
assumption of private values, every alue-measurable SCF is incentive consistent. An SCF
 Ž. Ž. f is said to be value-measurable if, for all s, s T, fsfs implies that for some i,
Ž. Ž. u , s u , s . Recall that Example 1 satisﬁes private values and, as pointed out in ii
Remark 2, the utility functions in each state can be multiplied by arbitrary constants
Ž. without changing the conclusions of the example. Thus, Proposition 4 in Duggan 1997
and Claims 1.1 and 1.2 imply that in the deﬁnition of value-measurability in Duggan
Ž. Ž . 1997 , u , s must be interpreted to mean the equivalence class of positive afﬁne i
Ž. transformations of a given Bernoulli utility function u , s . With this interpretation in i
mind, Example 1 demonstrates that value-measurability cannot be dropped from Proposi-
Ž. tion 4 in Duggan 1997 , and that there exist well-behaved economies with interesting
SCFs that do not satisfy value-measurability.
Our next example concerns an economy in which eery SCF is virtually implementable,
but only constant SCFs satisfy A-M measurability, or incentive consistency.5 Thus,
neither AM-measurability nor incentive consistency are necessary for virtual implementa-
tion. In environments like those in Example 2, both are strong conditions, certainly much
stronger than Bayesian monotonicity.
5 Ž. Duggan 1997 has already exhibited an example of an SCF that is implementable but fails to be
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 4 EXAMPLE 2: Let N 1,2,3 . There is a single commodity and the aggregate endow-
  4  4 ment is 1 unit in each state. The sets of types are T  t , t for i1,2, while T  t . ii i 33
  Ž.  Ž  . There are two states in T , denoted t and t , where t t , t , t and t  t , t , t . 123 123
Ž. Ž  . Agents 1 and 2 are fully informed, so that for i1,2: qt t 1, qt t 1. Agent 3 is ii i i
uninformed and
Ž. Ž  . qt t qt t 0.5. 33 3 3
The utility functions are as follows:
Ž.  ux , s x , for i1,2, for all sT . ii
However,
 Ž. Ž . ux , t x , ux , t  x . ' 33 3 3
Thus agent 3’s preferences over lotteries differ across states t and t
.
CLAIM 2.1: If f is an SCF that satisﬁes A-M measurability in Example 2, f must be
 Ž. Ž. constant oer T , i.e., ftft.
PROOF: This follows because the two types of agents 1 and 2 have identical prefer-
ences, while there is only one type of agent 3. Therefore, the ﬁnal partition in the A-M
algorithm is the coarse one, and any f measurable with respect to that must be
constant. Q.E.D.
CLAIM 2.2: If f is an SCF that satisﬁes incentie compatibility and incentie consistency in
 Ž. Ž. Example 2, f must be constant oer T , i.e., ftft.
PROOF: Note that the environment in Example 2 is one of nonexclusive information
with three agents, and therefore, every SCF is equivalent to an incentive compatible SCF.
Suppose then that f is incentive compatible and incentive consistent. Clearly, truth-tell-
ing is not the only equilibrium in the direct mechanism corresponding to f. In particular,
Ž. consider the deception , where  s t for all s T and i1,2. Since both agents 1 ii i i i
and 2 have the same preferences in each state, it is easy to see that  is a Bayesian Nash
equilibrium of the direct mechanism corresponding to f. Indeed, this argument holds for
any incentive compatible SCF. Thus there does not exist an incentive compatible f
 such
that  is not an equilibrium of the direct mechanism corresponding to f
. Therefore,
incentive consistency of f implies that ff, i.e., f is constant over T
. Q.E.D.
CLAIM 2.3: Eery SCF f in Example 2 is irtually Bayesian implementable.
Ž PROOF: Since Example 2 concerns an economic environment, as in Jackson 1991,
.Ž .  Theorem 1 , there is no loss of generality in assuming that fs0 for all sT . Recall
that incentive compatibility is trivially satisﬁed because of nonexclusive information.
Ž. Thus, by Jackson 1991, Theorem 1 , f is Bayesian implementable if and only if it satisﬁes
Bayesian Monotonicity. To prove that f is virtually Bayesian implementable it sufﬁces to
show that one can ﬁnd a sequence of Bayesian monotonic SCFs converging to f. Observe
also that any SCF is arbitrarily close to one that assigns to each consumer, in each state,
both the commodity bundle 0 and the commodity bundle 1 with positive probabilities.VIRTUAL BAYESIAN IMPLEMENTATION 791
Accordingly, it sufﬁces to show that Bayesian Monotonicity is satisﬁed by any SCF f with
the following properties:
  Ž. fs0 for all sT .
  Ž. fsassigns positive probability to 0 and to 1 for every sT . 3
Of course, any constant f is implementable. We, therefore, need to consider an f that
is not constant. To verify Bayesian monotonicity we will show that the necessary
preference reversal is satisﬁed by agent 3. More precisely, we will show that for any
deception , which is not the identity function, there exists an SCF h such that
Ž. Ž . Ž . Ž. Ž.  Uh  Uf  while Uf Uh . 33 3 3
There are four kinds of deceptions, which we consider in turn.
Ž. Ž .  i  is an incompatible deception in the sense that  s T for some sT .
Ž. Ž .Ž .  Ž. Ž. Suppose  t  t , t , while  t t . Deﬁne h to be an SCF such that hsfsfor 12
Ž  .Ž Ž  .. Ž . all s t , t and uh , t , t 0. It is now easy to see that  is satisﬁed. Clearly, the 12 3 12
same kind of construction is possible for any incompatible deception.
Ž. Ž. ii  s t for all sT. Deﬁne c to be a deterministic allocation such that
Ž. Ž. Ž . uc , t uf , t , i.e., c assigns to agent 3 his certainty equivalent of lottery ft in state 33
Ž. Ž.Ž . Ž . t. Consider the deterministic SCF h, where htc and ht 0. Clearly, Uf Uh , 33
Ž.Ž. but Uf  Uh  . The last inequality follows from the fact that f is not 33
deterministic and agent 3’s utility function in state t
 is strictly concave, while it is linear
in state t.
Ž. Ž .  Ž.  Ž . iii  s t for all sT. Deﬁne h such that hs0 for all st and htplaces 3
Ž .Ž .Ž .Ž a higher probability mass on 1 than does ft, so that uh , t uf , t . This is 33 3
. possible because f assigns a strictly positive probability mass to 0. Moreover, since
Ž. Ž.Ž .Ž . uf , t 0, this can be done to ensure that uh , t uf , t uf , t . But then it is 33 3 3
Ž. easy to see that  is satisﬁed.
Ž. Ž .  Ž .Ž . Ž . Ž . iv  t t and  t t. Consider the function h, where htc and hsfs
Ž. Ž. Ž . Ž . for all st. Then, Uf Uh , but Uf  Uh  . Q.E.D. 33 3 3
REMARK 4: This example does not satisfy private values, but does satisfy the assump-
tion of ‘best element private values.’6 However, in this example, every SCF is value-mea-
Ž. surable. This shows that in Proposition 4 in Duggan 1997 , the assumption of private
values cannot be weakened to best element private values.
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